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In the first paper of this series, we showed that the CMB quadrupole at high redshifts results in a small
circular polarization of the emitted 21 cm radiation. In this paper we forecast the sensitivity of future radio
experiments to measure the CMB quadrupole during the era of first cosmic light (z ∼ 20). The tomographic
measurement of 21 cm circular polarization allows us to construct a 3D remote quadrupole field. Measuring
the B-mode component of this remote quadrupole field can be used to put bounds on the tensor-to-scalar
ratio r. We make Fisher forecasts for a future Fast Fourier Transform Telescope (FFTT), consisting of an
array of dipole antennas in a compact grid configuration, as a function of array size and observation time.
We find that a FFTTwith a side length of 100 km can achieve σðrÞ ∼ 4 × 10−3 after ten years of observation
and with a sky coverage fsky ∼ 0.7. The forecasts are dependent on the evolution of the Lyman-α flux in the
pre-reionization era, that remains observationally unconstrained. Finally, we calculate the typical order of
magnitudes for circular polarization foregrounds and comment on their mitigation strategies. We conclude
that detection of primordial gravitational waves with 21 cm observations is in principle possible, so long as
the primordial magnetic field amplitude is small, but would require a very futuristic experiment with
corresponding advances in calibration and foreground suppression techniques.
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I. INTRODUCTION AND MOTIVATION
The idea that the early universe underwent a period of
inflationary expansion, is one of the cornerstones of
modern cosmology. Inflation was originally invoked as
a solution to the flatness and horizon problems [1] but
proved to be a powerful explanation for the generation of
initial perturbations in the early universe, that eventually
evolved to the large scale structure we see today [2–6].
Increasingly precise cosmological tests have verified the
predictions of the simplest single-field-slow-roll inflation-
ary models; that the primordial density perturbations are
adiabatic, nearly Gaussian, and nearly (but not exactly)
scale-invariant [7–9].
Beyond the predictions for primordial density (scalar)
perturbations, inflation also predicts the existence of a
stochastic gravitational wave background, with a nearly
scale-invariant power spectrum [10–13]. Detection of these
inflationary gravitational waves would be a smoking gun
for inflation, and their detection would open up a com-
pletely new window into both the physics of the very early
universe and physics at otherwise inaccessible energy
scales, V1=4inf ∼ 10−3ðr=0.01Þ1=4MPl, where r is the tensor-
to-scalar ratio and MPl is the Planck mass.
The principal near-term strategy to detect inflationary
gravitational waves relies on the fact that waves with
wavelengths comparable to the horizon size would induce
a gradient free “B-mode” pattern in the polarization of the
CMB via Thomson scattering [14–18]. There are several
experimental efforts underway to detect the B-mode pattern
in the CMB polarization, including ABS (Atacama B-mode
Search) [19], ACTPol [20], BICEP2/Keck Array [21,22]
and POLARBEAR/Simons Array [23]. The search for
inflationary gravitational waves remains the top scientific
priorities for future CMB experiments (see the CMB S4
Science Book [24]).
The strength of the inflationary gravitational waves is
encoded in the tensor-to-scalar ratio r, which is related to
the Hubble rate during inflation and in turn depends on the
energy scale at which inflation takes place. It is defined as
r ¼ Δ2h=Δ2ζ where,
Δ2ζðkÞ≡ k
3
2π2
hjζj2i ð1Þ
is the power spectrum of the curvature perturbations
and
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Δ2hðkÞ≡ 2 k
3
2π2
hjhkj2i ¼
2
π2
H2
M2pl
ð2Þ
is the gravitational-wave power spectrum (summed over
two polarizations), where H is the Hubble rate during
inflation. The value of r depends on the model of inflation
considered. Current constraints on r from the combination
of the CMB B-mode and other (more model-dependent)
observables are r < 0.07 (95% CL) [25].
Galactic foregrounds, primarily due to dust emission,
make the detection of tensor modes using the CMB
particularly challenging. Gravitational lensing due to scalar
perturbations also produce a B-mode pattern and might
fundamentally limit the values of r that can be probed using
the CMB. In the event that future CMB experiments do
detect B-modes due to inflationary GWs, it is important to
devise methods, with different systematic errors, that will
conclusively prove that the GW signal is indeed primordial.
Furthermore, in the event that the value of r≲ 0.001,
planned CMB experiments are unlikely to be able to detect
B-modes. It is thus appropriate to investigate alternative
methods to detect inflationary gravitational waves.
In Paper I of this series (Hirata et al. 2017) we calculated
the effect of the CMB quadrupole during the Dark Ages of
the universe on the splitting of the F ¼ 1 hyperfine excited
level of neutral hydrogen at high redshifts. We showed that
unlike the Zeeman effect, where MF ¼ 1 have opposite
energy shifts, the remote CMB quadrupole shiftsMF ¼ 1
together relative to MF ¼ 0. This leads to a small circular
polarization of the emitted 21 cm photon, which is in
principle observable.
Measurement of the circular polarization of the 21 cm
signal using future radio interferometers can allow us to
construct a 3D remote CMB quadrupole field (i.e., the
quadrupole component of the CMB skies observed by
hydrogen atoms at high redshifts) during the cosmic Dark
Ages. Just like the CMB polarization field, this field can be
decomposed into E and B modes. The measurement of B
modes of this new remote quadrupole field, can then be
used to put bounds on r.
In this paper (Paper II) we forecast the ability of future
radio experiments to measure the remote quadrupole of the
CMB using the circular polarization of the 21 cm line. We
show that a very large Fast Fourier Transform Telescope
(FFTT) [26] can in principle construct a remote quadrupole
field at high redshifts (z ∼ 20), and we make forecasts for
the measurement of r as a function of array size and survey
duration.
This paper is organized as follows: we summarize the
main results of Paper I and outline our method in Sec. II. In
Sec. III we make forecasts for the measurement of the
remote quadrupole of the CMB using Fast Fourier
Transform Telescopes. In Sec. IV we compute the power
spectrum of the remote CMB quadrupole and sensitivity
to r. In Sec. V we discuss various foregrounds that are
relevant to our measurement, and in Sec. VI we summarize
and discuss the implications of our results.
II. OUTLINE OF THE METHOD
Scattering processes between photons and neutral
hydrogen atoms in the early universe can affect 21 cm
observables, and lead to novel probes of physics at high
redshifts. An extensive review of the physics of the 21 cm
transition can be found in Furlanetto et al. [27]. Recently,
Venumadhav et al. [28] and Gluscevic et al. [29] consid-
ered the effect of magnetic fields in the early universe on
the splitting of the F ¼ 1 hyperfine excited level of
hydrogen. At high redshifts, a neutral hydrogen atom is
bathed in an anisotropic 21 cm radiation bath due to density
fluctuations in the gas. Such an anisotropic radiation field
leads to spin polarization of the neutral hydrogen atoms in
the F ¼ 1 state, and hydrogen atoms in the excited F ¼ 1
state align with the quadrupole of the incident 21 cm
radiation. The presence of an external magnetic field leads
to the precession of atoms in the F ¼ 1 state, and the
emitted 21 cm radiation is misaligned with the incident
21 cm quadrupole. Gluscevic et al. [29] showed that this
effect can in principle be used to probe large scale magnetic
fields of the order of 10−21 Gauss comoving in the early
universe.
Beyond the Zeeman splitting due to an external magnetic
field, the CMB anisotropy at high redshifts also leads to a
splitting of the F ¼ 1 level but the symmetry properties is
different from the magnetic field case. In the case of an
external magnetic field (Zeeman effect), the energy levels
of the MF ¼ 1 levels shift in opposite directions, while
the CMB anisotropy leads to a shift in the same direction
(see Fig. 1). The emitted 21 cm photon in the latter case has
small circular polarization.
In Paper I we showed that the degree of circular
polarization emitted by the neutral hydrogen atom as it
transitions from F ¼ 1 to the F ¼ 0 state is related to the
CMB quadrupole by
VobsðkÞ ¼ −
ﬃﬃﬃﬃﬃ
2π
p
25
ﬃﬃﬃ
3
p TsT⋆Kmagfτ
2δðkÞ
Tγ0Að1þ 0.75x˜αÞð1þ x˜c þ x˜αÞ
×

1 −
Tγ
Ts

ℑ½a21Y21ðkˆÞ þ 2a22Y22ðkˆÞ; ð3Þ
where k is the Fourier wave vector and kˆ is its direction; x˜α
and x˜c parametrize the rates of depolarization of the ground
FIG. 1. Energy level splitting.
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state by optical pumping and atomic collisions respectively;
Ts and Tγ are the spin temperature and the CMB temper-
ature at redshift z; and a2m is the CMB quadrupole at the
redshift z. The spin-zero spherical harmonics Y2m are
defined in the usual way (see Paper I for details).
Note that the derivation of Eq. (3) treated the CMB
quadrupole moments a2m as constant. Equation (3) is thus
applicable in the limit of a separation of scales: the scale on
which the CMB quadrupole varies (the horizon scale during
the pre-reionization epoch) is much larger than the wave-
length 2π=k of the density perturbations probed in 21 cm
radiation.
The measurement of the new circular polarization power-
spectra can allow us to measure the remote quadrupole of
the CMB, in a given volume-pixel (“voxel”) in the sky, at a
high redshift (z > 10). For a wide-angle, tomographic
21 cm survey, we can measure the remote quadrupole of
the CMB in many voxels in the sky, allowing us to
construct a 3D remote quadrupole field at high redshifts.
The 3D remote CMB quadrupole field in turn can be
decomposed into E and B modes in analogy with the
decomposition of the CMB polarization field [14–18]. We
show that the power-spectra of the “B-modes” of the
remote quadrupole field can be used to measure the
tensor-to-scalar ratio r. A schematic of our method is
shown in Fig. 2.
One way of thinking about at our method is to imagine
neutral hydrogen in all the voxels in Fig. 2 to be
independent CMB-quadrupole detectors. The construction
of the new remote quadrupole field during the dark ages
allows for the statistical measurement of the E and Bmodes
which in turn contains information about primordial tensor
modes (i.e., gravitational waves). Our method is similar to
the one proposed in Ref. [30], but the authors suggest the
use of discrete clusters to reconstruct the CMB quadrupole
moments at their locations. Our method, in principle,
allows for construction of a continuous field of remote
quadrupole moments, and probes higher redshifts than
those accessible to the cluster method (see also
Refs. [31–36]).
Finally, we note that there are in fact two stages of
statistical inference in our proposed method. In the first
stage (Sec. III), one uses the 21 cm fluctuations in a given
voxel to estimate the CMB quadrupole a2m at the position
of that voxel. In this stage, the short-wavelength density
perturbations are random variables, and the CMB quadru-
pole is an unknown constant in each voxel whose value we
are trying to determine. In the second stage of statistical
inference (Sec. IV), the a2m are themselves random
variables, and from their measured values we are trying
to infer r. Such two-stage chains of inference are common
in cosmology; for example, in a weak lensing experiment,
we would have a first stage where we take galaxy images
and infer the lensing shear (assumed constant over the size
of a galaxy image), and then a second stage where the shear
is itself a random variable whose power spectrum carries
cosmological information.
The tensor-to-scalar ratio r appears in the power spec-
trum of the remote quadrupole moments. That is, the tensor
power spectrum Δ2hðkÞ or the tensor-to-scalar ratio r is
quadratic in the estimators for a2m (we will see this in
Eq. (29), which themselves are constructed from the local
TV power spectrum. Thus, one could in principle think of
the estimator for r as being constructed from the TVTV
trispectrum (just as one treats CMB lensing estimators as
being constructed from the trispectrum [37]). However,
given the separation of scales, the two-stage “power
spectrum of a local power spectrum” approach in this
paper seems more intuitive and closer to the physics. We
also expect that an eventual analysis of 21 cm data would
use the two-stage approach (at least in one branch of the
analysis), since the computational techniques and under-
standing of systematics for power spectra are so much more
advanced than for trispectra.
III. MEASURING THE REMOTE
QUADRUPOLE OF THE CMB
In this section we compute the sensitivity of
future tomographic 21 cm surveys to measure the remote
FIG. 2. Tomographic measurements by Fast Fourier Transform
Telescopes (FFTTs) would allow us to measure the remote
quadrupole of the CMB a2mðzÞ (m ¼ 1, 2) in volume pixels
(“voxels”) of volume Vc in narrow slice of redshift space. Creating
a map of remote quadrupole moments across many voxels allows
us to construct a a spin-weight m field, which can be decomposed
into E and B modes. Measurement of the B-modes of this field
allows us to put bounds on the tensor-to-scalar ratio r.
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quadrupole of the CMB at high redshifts. We begin
by reviewing some basic notation relevant to remote
CMB quadrupole measurements. The experimental setup
ideal for this measurement is the Fast Fourier Transform
Telescope (FFTT) setup, due to its excellent surface
brightness sensitivity compared to sparsely sampled arrays
[26]. We review the FFTT setup and make Fisher matrix
forecasts for the measurement of the remote quadrupole for
different FFTT configurations. In this section, the CMB
quadrupole a2m is simply assumed to be constant over each
voxel; our objective is to determine the uncertainty on a2m
for a given FFTT configuration and observing time. In
Sec. IV, we will promote a2m to a random variable and use
our measurements of a2m to constrain r.
A. Relation of the 21 cm power spectrum
to the remote quadrupole of the CMB
The central idea of our technique is that the circular
polarization of the emitted 21 cm radiation from the high-
redshift hydrogen cloud depends on the remote quadrupole
of the CMB at that redshift depends on through Eq. (3).
Specifically, the existence of a CMB quadrupole at some
position results in the creation of new power spectra
involving the circular polarization that would otherwise
be zero. We focus on the temperature-circular polarization
cross-power spectrum TV, since its signal-to-noise ratio
scales with the amplitude of the CMB quadrupole effect
(SNR ∝ a2m) instead of the case of the circular polarization
auto-power spectrum VV (SNR ∝ a22m). In a given voxel,
the a2m are treated as constant, and give rise to a local cross-
power spectrum PTVðkÞ:
PTVðkÞ ¼
∂Tobs
∂δ ðkÞ
∂Vobs
∂δ ðkÞPδðkÞ: ð4Þ
Note that this is the local power spectrum in this voxel,
averaged over the ensemble of short-wavelength density
perturbations, but with a2m fixed. The CMB quadrupole
moments a2m vary on much larger scales than those directly
observed with 21 cm arrays (the scale on which a2m varies
is of order the horizon scale at that redshift), and so in
Eq. (4) we have not averaged over them. If we did average
over realizations of a2m, then ha2mi ¼ 0 and hence we
would have no contribution to PTVðkÞ.
We now turn to the transfer functions in Eq. (4). The
temperature perturbation is given by the usual relation,
∂Tobs
∂δ ¼ 37.3 mK

1þ z
20

1=2

1 −
Tγ
Ts

½1þ ðkˆ · nˆÞ2:
ð5Þ
From Eq. (3) we can see that the circular polarization
transfer function ∂Vobs=∂δ is given by
∂Vobs
∂δ ¼ −8.6 mK

1þ z
20

2 Tγ
Ts

1 −
Tγ
Ts

×
1
ð1þ 0.75x˜αÞð1þ x˜c þ x˜αÞ
× ℑ½a21Y21ðkˆÞ þ 2a22Y22ðkˆÞ: ð6Þ
The circular polarization transfer function depends on the
direction of the wave number kˆ.
The local power spectrum PTVðkÞ is thus sensitive to 4 of
the 5 types of quadrupole moments of the CMB. Each of
these 4 quadrupole moments leads to a quadrupole
dependence of the TV spectrum:
(i) An xz CMB quadrupole (ℜa21 < 0) leads to a
positive TV spectrum for kykz < 0 and negative
for kykz > 0.
(ii) A yzCMB quadrupole (ℑa21 > 0) leads to a positive
TV spectrum for kxkz > 0 and negative for kxkz < 0.
(iii) An x2 − y2 CMB quadrupole (ℜa22 > 0) leads to a
positive TV spectrum for kxky < 0 and negative
for kxky > 0.
(iv) An xy CMB quadrupole (ℑa22 < 0) leads to a
positive TV spectrum for k2x − k2y > 0 and negative
for k2x − k2y < 0.
(v) The observable PTVðkÞ is not sensitive to the m ¼ 0
CMB quadrupole mode that is symmetric around the
line of sight.
B. Local power spectrum and detectability
In this section we evaluate sensitivity of future tomo-
graphic 21 cm surveys to the remote quadrupole of the
CMB. The ability to measure the remote CMB quadrupole
can be determined using the Fisher formalism: in a region
of comoving volume Vc, we have
Fμν ¼
Z
d3k
ð2πÞ3
Vc½∂PTVðkÞ=∂pμ½∂PTVðkÞ=∂pν
½PTTðkÞ þ NTTðkÞ½PVVðkÞ þ NVVðkÞ
;
ð7Þ
where Vc is the comoving volume and pμ are the param-
eters—in this case the 4 measurable quadrupole compo-
nents: ℜa21, ℑa21, ℜa22, and ℑa22. Here NTTðkÞ is the
temperature noise power spectrum, and NVVðkÞ is the
circular polarization noise power spectrum. For a dual-
polarization interferometer with the same noise temperature
in both polarizations, NVVðkÞ ¼ NTTðkÞ. We discuss the
noise power spectrum in Sec. III C. Under the further
assumption of noise power spectra that are symmetric
around the line of sight (which occurs when the distribution
of baselines is nearly circularly symmetric), the Fisher
matrix reduces to
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Fμν ¼ Vc
0
BBB@
w1 0 0 0
0 w1 0 0
0 0 w2 0
0 0 0 w2
1
CCCA: ð8Þ
That is, there is an inverse variance per component of wm
(units: Mpc−3) per unit comoving volume, which may be
different for them ¼ 1 andm ¼ 2 quadrupole components.
The Fisher estimate of the variance in ℜa2m or ℑa2m is
1=ðwmVcÞ. Two diagonal elements of Eq. (7) suffice to
determine w1 and w2.
C. Fast Fourier Transform Telescopes
The ideal experimental setup for measuring the remote
quadrupole of the CMB using the circular polarization of
21 cm is the proposed Fast Fourier Transform Telescope
(FFTT) as described in [26]. The FFTT consists of a tightly
packed array of simple dipole antennas in a regular
rectangular grid. The electric field is digitized at the
antennae and subsequent correlations and Fourier trans-
forms are done digitally. The FFTT is based on the simple
idea that if the antennae are arranged on a rectangular grid,
Fast Fourier Transforms can be used to scale the cost as
N log2N instead of N2 (where N is the number of
antennae). The FFTT concept allows for mapping of a
very wide field of view with very high sensitivity, making it
ideal for 21 cm tomography experiments.
A schematic of the FFTT design we consider for the
forecasts in this paper is shown in Fig. 2. We consider a
square array design with a compact grid of dipole antennas
with side length L, effective area L2, that observes for a
time τ with a bandwidth δν around some frequency ν. In
principle the array can observe the entire visible sky at any
given time. The figure shows how we split the 3D volume
of the universe at high redshifts observed by the array into
smaller volume pixels (“voxels”). Our goal is to estimate
the detectability of the remote CMB quadrupole in each of
these voxels.
The experiment is characterized by three key parameters:
the length of the array L, the time of observation τ and the
system temperature Tsys. The noise power spectrum per
mode k (in intensity units) is given by
NTTðkÞ ¼
λ4cð1þ zÞ2D2MðzÞ
ΩbeamτHðzÞν21
T2sys
A2enbaseðkÞ
; ð9Þ
where DMðzÞ is the comoving distance to the redshift z, Ae
is the collecting area, and nbaseðkÞ is the number density of
baselines that observe a given mode k at a given time. Here
noise is reported in temperature units, T in K and NTTðkÞ in
K2Mpc3 [29].
A given mode in the sky k, will be observed by many
baselines of the FFTT during an observation campaign.
Hence the noise power spectrum needs to be weighed by
the number of baselines observing a given mode k. The
number of baselines observing a mode k⃗ is given by
hnbaseðkÞi ¼

L
λ

2
−
4
π
L
λ
DMðzÞ
2π
k sin θk
þ 1
π

DMðzÞ
2π
k sin θk

2
; ð10Þ
where θk is the polar angle and ϕk the longitude in a
coordinate system where the line of sight is along the z axis.
The number of baselines is averaged over ϕk, which is
appropriate if at least ∼90° of Earth rotation occurs over the
course of an observing window.
D. Results for reference experiments
We now proceed to evaluate the sensitivity of a tomo-
graphic 21 cm survey to measure the remote quadrupole of
the CMB during the pre-reionization epoch, at a given
redshift z and for a “voxel” of volume Vc. Specifically, we
compute the elements of the Fisher matrix (Eq. (7), for
different FFTT configurations and observation times.
We consider a square-grid configuration for the FFTT
with a length L and collecting area Ae ¼ L2. The time τ for
computing the noise spectra in Eq. (9) is the observing time,
which is smaller than the wall-clock time since a given
portion of the sky is visible for only part of the day. We
assume a system temperature of Tsys ¼ 1000 K.
Other inputs to the Fisher matrix computation includes
the spin temperature Ts, the kinetic temperature Tk of
the IGM, and the CMB temperature Tγ as a function of
redshift (Fig. 3). We also compute quantities that para-
metrize the rate of depolarization of the ground state
by optical pumping xα and atomic collisions xc (Fig. 4).
FIG. 3. Inputs used for the sensitivity calculation, computed for
standard cosmology using the 21CMFAST code. The plot shows
the fiducial models for spin, kinetic, and CMB temperatures.
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The quantities are calculated using the 21 CMFAST code
[38]. For the 21 CMFAST runs, we set the sources respon-
sible for early heating to Population III stars and use a star
formation efficiency F STAR ¼ 0.0075. For more details
about the parameters used for the 21 CMFAST outputs see
Ref. [29]. We use standard cosmological parameters (H0 ¼
67 kms−1Mpc−1;Ωm ¼ 0.32;ΩK ¼ 0;ns ¼ 0.96;σ8 ¼ 0.83;
w¼−1) consistent with Planck measurements [39].
A FFTT can in principle observe the entire sky above the
horizon. However, the image degrades rapidly near the
horizon and the useful field of view is about half Ω ∼ π.
The angular resolution of a FFTT is θres ∼ λ=
ﬃﬃﬃ
A
p
. The
angular scale of the “voxel” in which the CMB quadrupole
is measured to be approximately ten times the angular
resolution of the telescope. The maximum comoving wave
number probed by the FFTT (kmax) is given by
kmax ¼
2π
dAðzÞθres
: ð11Þ
Note that every super-pixel can be observed simultaneously
and so τ for a super-pixel is the total time that the FFTT
observes a given patch of the sky. The Fisher integral takes
place over a super-pixel and we take kmax corresponding to
the angular resolution of the survey. The minimum wave
number probed is taken to be several orders of magnitude
smaller than kmax (the Fisher integral is not sensitive to the
choice of kmin).
To estimate the Fisher integral we plot the relevant
power spectra in Eq. (7), including the noise power
spectrum for different configurations of the FFTT in
Fig. 5. From the figure we note that PTTðkÞ ≫ NTTðkÞ
and NVVðkÞ ≫ PVVðkÞ. The Fisher integral in Eq. (7) can
then be approximated to give
w1 ¼
1
ð2πÞ3
ð8.6 mKð1þz
20
Þ2ð1 − TγTsÞð
Tγ
Ts
ÞÞ2
NVVð1þ 0.75x˜αÞ2ð1þ x˜c þ x˜αÞ2
×
Z
kmax
kmin
d3kðℑðY21ðθ;ϕÞÞÞ2PδðkÞ ð12Þ
and
w2 ¼
2
ð2πÞ3
ð8.6 mKð1þz
20
Þ2ð1 − TγTsÞð
Tγ
Ts
ÞÞ2
NVVð1þ 0.75x˜αÞ2ð1þ x˜c þ x˜αÞ2
×
Z
kmax
kmin
d3kðℑðY22ðθ;ϕÞÞÞ2PδðkÞ: ð13Þ
The value of w1 and w2 is a function of redshift and
depends on the reionization and spin-excitation history of
the universe during the pre-reionization era. In particular it
is sensitive to the Lyman-α flux during this epoch which is
unconstrained by observations. We use the fiducial model
shown in Fig. 4 and described in Ref. [29]. As seen from
the figure, for our fiducial model, w1 and w2 peak around
z ¼ 19.5 and our technique is most sensitive in this redshift
range. Note that this is likely to change when the Lyman-α
flux in the pre-reionization era becomes better constrained.
IV. POWER SPECTRUM OF THE REMOTE CMB
QUADRUPOLE AND SENSITIVITY TO THE
TENSOR-TO-SCALAR RATIO
We now consider how well we can measure the tensor-
to-scalar ratio using remote quadrupole measurements.
This requires us to consider the remote quadrupole
FIG. 4. Inputs used for the sensitivity calculation, computed for
standard cosmology using the 21 CMFAST code. The plot shows
the fiducial models for quantities that parametrize the rate of
depolarization of the ground state by optical pumping and atomic
collisions as discussed in the text and in [29].
FIG. 5. Temperature, circular polarization, and noise power
spectra relevant to the Fisher calculation. We compute the
power-spectra for observations corresponding to z ¼ 19.5.
Noise power-spectra for two different configurations of FFTTs
are shown.
ABHILASH MISHRA and CHRISTOPHER M. HIRATA PHYS. REV. D 97, 103522 (2018)
103522-6
moments a2m as a statistical field, compute their power
spectrum, compare this to the noise computed in Sec. III B,
and finally perform the Fisher matrix sum over modes.
A. E- and B-mode decomposition
of remote CMB quadrupoles
The “derived data product” from the analysis of Sec. III
B is a map of the CMB quadrupole moments a2q (q ≠ 0: we
use q here instead of m to avoid confusion below) in each
super-pixel of comoving volume Vc. These moments are
measured with respect to the local coordinate basis vectors
feˆθ; eˆϕ; nˆ ¼ eˆrg. This quadrupole is derived from the local
power spectrum PTVðkÞ in each super-pixel. Viewed from
the perspective of the observer, a2q is a spin-weight q field.
In analogy to the decomposition of the CMB polarization
field [18], we may perform a spin-weighted spherical
harmonic transformation:
a2qðχ; nˆÞ ¼
X∞
l¼jqj
Xl
m¼−l
bqlmðχÞqYlmðnˆÞ: ð14Þ
The dependence on comoving distance χ is retained
since we do not decompose the radial direction into
eigenmodes. The symmetry property a2;−qðχ; nˆÞ ¼
ð−1Þqa2qðχ; nˆÞ implies that
bqlmðχÞ ¼ ð−1Þmb−q;l;−mðχÞ: ð15Þ
Furthermore, parity inversion results in the transforma-
tion a2qðχ; nˆÞ → a2;−qðχ;−nˆÞ, or equivalently bqlmðχÞ →
ð−1Þlb−q;lmðχÞ. We now define the electric and magnetic-
parity versions of these quadrupole moments: for q > 0,
bE;qlm ðχÞ ¼
1
2
½bqlmðχÞ þ b−q;lmðχÞ and
bB;qlm ðχÞ ¼
1
2i
½bqlmðχÞ − b−q;lmðχÞ: ð16Þ
These moments obey the same complex conjugation
properties as usual electric and magnetic moments, i.e.,
bE;qlm ðχÞ ¼ ð−1ÞmbE;ql;−mðχÞ and bB;qlm ðχÞ ¼ ð−1ÞmbB;ql;−mðχÞ.
Under parity inversion, bE;qlm ðχÞ picks up a factor of ð−1Þl,
whereas bB;qlm ðχÞ picks up a factor of −ð−1Þl.
The statistics of the CMB quadrupole moment fields can
thus be described in terms of the cross-power spectra of
these fields at the various comoving distances, e.g.,
CB1;B2l ðχ; χ0Þ ¼ hbB1lm ðχÞbB2lmðχ0Þi: ð17Þ
Parity considerations imply a vanishing cross-spectrum
between the E, q and B, q0 moments. Furthermore, there
is no primordial scalar contribution to the B1 or B2
moments.
B. B-mode power spectrum of the
remote CMB quadrupole
We compute the power spectrum of the remote CMB
quadrupole by the standard method—that is, we consider
first a single Fourier mode (a plane primordial gravitational
wave) with wave vector along the z-axis, then rotate it to an
arbitrary angle, and finally perform a stochastic average
using the power spectrum in the initial conditions.
Consider a gravitational wave with wave number K and
strain hR propagating in the z-direction and with right-
circular polarization, i.e., with metric
gμν ¼ a2
0
BBBBB@
−1 0 0 0
0 1þ 1ﬃﬃ
2
p hReiKx
3 1ﬃﬃ
2
p ihReiKx
3
0
0 1ﬃﬃ
2
p ihReiKx
3
1 − 1ﬃﬃ
2
p hReiKx
3
0
0 0 0 1
1
CCCCCA:
ð18Þ
The normalization is chosen to coincide with the common
normalization of tensor perturbations (e.g., [40]) with r ¼
Δ2hðkÞ=Δ2ζðkÞ ¼ 16ϵ in slow-roll single-field inflation. This
plane gravitational wave leads to a tensor l ¼ 2 CMB
multipole moment
ΔTðr; pˆ; ηÞ
T¯
¼ hR0eiKx3
X∞
l¼2
ð−iÞl
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4π
2lþ 1
r
ΘTlðηÞYl2ðpˆÞ;
ð19Þ
at position r, for photons traveling in direction pˆ, and at
conformal time η defined as,
ηðzÞ ¼
Z
tðzÞ
0
dt
a
ð20Þ
ΘTl are the tensor multipole moments generated by a unit-
amplitude gravitational wave and hR0 is the initial ampli-
tude. Rotational symmetry guarantees that only m ¼ 2
terms exist in the sum over spherical harmonics. The l ¼ 2
multipole moments measured at some position on the sky
and some comoving distance χðzÞ are then
a2mðχ; nˆÞ ¼ −
ﬃﬃﬃﬃﬃ
4π
5
r
hR0eiKχ cos θΘT2 ðη0 − χÞ
× ½D2ðϕ; θ; 0Þm;2; ð21Þ
where D2ðϕ; θ; 0Þ is the passive rotation matrix associated
with rotating the reference frame for the multipoles from
feˆ1; eˆ2; eˆ3g to feˆθ; eˆϕ; nˆg.
The l ¼ 2 multipole moments from Eq. (21) can
be rewritten in terms of the spin-weighted spherical
harmonics,
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a2qðχ; nˆÞ ¼ −
4π
5
hR0e−iKχ cos θΘT2 ðη0 − χÞqY2;−2ðnˆÞ: ð22Þ
The solution for bqlmðχÞ can then be written as
bqlmðχÞ ¼
Z
a2qðχ; nÞqYlmðnˆÞd2nˆ
¼ − 4π
5
hR0ΘT2 ðη0 − χÞ
Z
e−iKχ cos θqY2;−2ðnˆÞqYlmðnˆÞd2nˆ
¼ − ð4πÞ
3=2
5
hR0ΘT2 ðη0 − χÞδm;−2
X∞
l0¼0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2l0 þ 1
p
ð−iÞl0jl0 ðKχÞ
Z
0Yl00ðnˆÞqY2;−2ðnˆÞqYl;−2ðnˆÞd2nˆ
¼ −4π
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2lþ 1
5
r
ð−1ÞqhR0ΘT2 ðη0 − χÞδm;−2
X∞
l0¼0
ð2l0 þ 1Þð−iÞl0jl0 ðKχÞ

l0 2 l
0 q −q

l0 2 l
0 −2 2

: ð23Þ
Under the transformation q↔ −q, this changes sign if l0 − l is odd and remains the same if l0 − l is even; thus for the
B-mode, only the l0 − l odd terms contribute (see Eq. (16). The triangle inequality restricts jl0 − lj ≤ 2, so the sum then
reduces to l0 ¼ l 1. Substituting in the Wigner 3j symbols yields for q > 0:
bBqlmðχÞ ¼ −
2πð−iÞlδm;−2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
5ð2lþ 1Þp hR0ΘT2 ðη0 − χÞ½ð−1Þq
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðlþ 2Þðlþ q¯Þ
p
jl−1ðKχÞ −
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðl − 1Þðlþ 1 − q¯Þ
p
jlþ1ðKχÞ; ð24Þ
where we have defined q¯≡ ð−1Þqq. Use of the rules for
combining spherical Bessel functions [41] allows the
further simplifications:
bBqlmðχÞ ¼ −2π
δm;−2
il
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2lþ 1
5
r
hR0ΘT2 ðη0 − χÞfqlðKχÞ;
ð25Þ
where we have defined the functions
f1lðxÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðl − 1Þðlþ 2Þ
p jlðxÞ
x
ð26Þ
and
f2lðxÞ ¼ j0lðxÞ þ 2
jlðxÞ
x
: ð27Þ
These functions are always real, and we have f11ðxÞ ¼ 0.
It remains to express the B-mode power spectrum of the
remote quadrupole components. This requires us to obtain
the product of two bBqlmðχÞs and average over the direction
of the plane wave; this is equivalent to summing overm and
dividing by 2lþ 1. Thus for a plane wave in a random
direction, we find
CBq;Bq
0
l ðχ; χ0Þ ¼
1
2lþ 1
Xl
m¼−l
hbBqlmðχÞbBq0lmðχ0Þi
¼ 4π
2
5
jhR0j2ΘT2 ðη0 − χÞΘT2 ðη0 − χ0Þ
× fqlðKχÞfq0lðKχ0Þ: ð28Þ
If we finally replace the plane wave with a statistical
distribution of gravitational waves, we find
CBq;Bq
0
l ðχ; χ0Þ ¼
8π2
5
Z
∞
0
ΘT2 ðη0 − χÞΘT2 ðη0 − χ0Þ
× fqlðKχÞfq0lðKχ0ÞΔ2hðKÞ
dK
K
; ð29Þ
whereΔ2hðKÞ is the contribution to the variance of the strain
per logarithmic range of K (i.e., dVarh=d lnK) per gravi-
tational wave polarization (right or left). A factor of 2 has
been inserted to account for the existence of two gravita-
tional wave polarizations.
Note that although the spherical harmonic decomposi-
tion of a spin-1 field admits an l ¼ 1 component, the q ¼ 1
B-mode of the remote quadrupole vanishes—i.e.,
CB1;B1l ðχ; χ0Þ ¼ 0—because f11ðxÞ ¼ 0. This is mathemati-
cally expected because there is no l ¼ 1 gravitational
wave mode.
C. Incorporation of the tensor transfer function
We now also need the tensor transfer function ΘT2 ðηÞ.
Fortunately, in the matter-dominated era, well after recom-
bination, there is an analytic solution for this. The strain
amplitude has the simple time dependence
hRðηÞ ¼ hR0
3j1ðKηÞ
Kη
: ð30Þ
The tensor transfer function is then given by evaluating the
temperature quadrupole at the origin at time η using the
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line-of-sight expression for the photon temperature pertur-
bation [42,43]; in what follows, we assume the temperature
perturbation due to the gravitational wave is built up from
the time of recombination η to the time η in question. We
work in terms of the real-space temperature perturbation
Θðμ0;ϕ0Þ, where μ0 ¼ cos θ0 is the direction cosine of the
photon’s trajectory:
ΘT2 ðηÞ ¼ −
5
ﬃﬃﬃ
6
p
16πhR0
Z
ð1 − μ02Þe−2iϕ0Θðμ0;ϕ0Þdμ0dϕ0
¼ − 5
ﬃﬃﬃ
6
p
16πhR0
Z
ð1 − μ02Þe−2iϕ0
Z
η
η
ð1 − μ02Þe2iϕ0
×
− _hRðη0Þ
2
ﬃﬃﬃ
2
p eiKμ0ðη0−ηÞdη0

dμ0dϕ0
¼ 5
ﬃﬃﬃ
3
p
16hR0
Z
η
η
Z
1
−1
ð1 − μ02Þ2eiKμ0ðη0−ηÞdμ0

_hRðη0Þdη0
¼ 5
ﬃﬃﬃ
3
p
16hR0
Z
η
η
16j2ðKðη − η0ÞÞ
½Kðη − η0Þ2
_hRðη0Þdη0
¼ 5
ﬃﬃﬃ
3
p
16hR0
Z
η
η
16j2ðKðη − η0ÞÞ
½Kðη − η0Þ2 hR0
−3j2ðKη0Þ
η0
dη0
¼ −15
ﬃﬃﬃ
3
p Z η
η
j2ðKðη − η0ÞÞj2ðKη0Þ
K2ðη − η0Þ2η0 dη
0: ð31Þ
Equation (31) is an integral form for the tensor transfer
function; it is straightforward to compute. With the help of
Eq. (29), the general remote quadrupole B-mode power
spectrum for tensors can be obtained.
D. Sensitivity to tensor-to-scalar ratio
The uncertainty in the tensor-to-scalar ratio can be
forecast using Fisher matrix techniques. In general, if there
is a Gaussian-distributed data vector d with covariance C,
then the Fisher approximation for the uncertainty in the
tensor-to-scalar ratio r is
σ−2r ¼
1
2
Tr

C−1
∂C
∂r C
−1 ∂C
∂r

: ð32Þ
In our case, we will write as the data vector d the sequence
of B-mode moments bBqlmðχÞ: up to some lmax, the number
of such moments is Nd ¼ 2Nzðl2max − 4Þ, where Nz is the
number of redshift slices and l2max − 4 ¼
Plmax
l¼2ð2lþ 1Þ is
the number of multipoles. In harmonic space, for uniform
full-sky coverage, C is thus an Nd × Nd matrix that is
block-diagonal with 2Nz × 2Nz blocks; the block corre-
sponding to multipole l will be denoted CðlÞ and is
repeated 2lþ 1 times. We may thus write Eq. (32) as
σ−2r ¼
f2deg
2
Xlmax
l¼2
ð2lþ 1ÞTr

C−1ðlÞ
∂CðlÞ
∂r C
−1
ðlÞ
∂CðlÞ
∂r

: ð33Þ
Here fdeg is a degradation factor due to reduced sky
coverage. In CMB forecasts, it is often assumed that the
information content scales with the sky coverage fsky, in
which case fdeg ¼ f1=2sky . This is only an approximation
however [44] and is generally valid only for sky coverage
Δθ ≥ 2π=Δl, where Δl is the width of the features in l-
space under consideration. Since the B-mode spectrum
peaks at the largest scales, this is only marginally true;
forecasts for the reionization B-mode that evaluate the cut-
sky matrix inversion have shown a factor fdeg ∼ f2sky for
galactic plane cuts with fsky > 0.7 [45]. In this paper, we
consider only observations of the full sky minus the galactic
plane with an assumed fdeg ¼ 0.5, and stress that Eq. (33)
for σr is uncertain at the factor of ∼2 level even for
this case.
FIG. 6. Elements of the Fisher matrix w1 and w2 as a function of
redshift z, computed for a model of reionization described in the
text. For our fiducial model, both w1 and w2 peak at z ¼ 19.5, i.e.,
the redshift where the Lyman-alpha coupling becomes efficient
(x˜α ∼ 1).
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The matrix CðlÞ can be broken up into signal SðlÞ and
noise NðlÞ. The noise power spectrum is diagonal in
z-space:
NðlÞqz;q0z0 ¼
1
wq½χðzÞ2Δχ
δqq0δzz0 ; ð34Þ
whereΔχ ¼ cΔz=HðzÞ is the width of the redshift slice and
χðzÞ is the comoving distance. (The denominator is the
conversion from sr on the sky to Mpc3 of comoving
volume). The signal matrix is
SðlÞqz;q0z0 ¼ CBq;Bq
0
l ½χðzÞ; χðz0Þ; ð35Þ
which is proportional to the tensor-to-scalar ratio r. We thus
have ∂CðlÞ=∂r ¼ SðlÞ=r, which is independent of r.
Finally, we need the relation between Δ2hðkÞ and r.
This is
Δ2hðkÞ ¼ rΔ2ζðkÞ ¼ 2.4 × 10−9r: ð36Þ
In Fig. 7, we plot the forecasts for σr for different fiducial
values of r, for different FFTT configurations. We choose
the pre-reionization Lyman-α flux model described in
Sec. III D; for this fiducial model the values of w1 and
w2 peak around z ∼ 19.5. The observation time τ entering
the expression for noise in Eq. (9) is the time for observing
a given portion of the sky that is above the horizon of a
given location. We note that this is different from the total
live observation time tobs which is longer than τ. Here tobs is
longer by a factor equal to the fraction of the day that
a given survey region is above the horizon and is related to
τ via
tobs ¼ τ
Ωtotal
Ωinstant
: ð37Þ
A FFTT can in principle observe the entire sky above the
horizon at a given instant, corresponding to Ωinstant¼2π sr.
FIG. 7. Forecasts for σr for different FFTT telescope configurations. The parameters used to make these forecasts are described in
Fig. 4 and 3 and in Sec. III D. For the given Lyman-α flux model the values of weights w1 and w2 peak around z ∼ 19.5 as shown in
Fig. 6. For our forecasts we consider a shell with zmin ¼ 18 and zmax ¼ 23. Note that the live observation time quoted here will be shorter
than the wall-clock time of the survey.
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However, the image quality degrades near the horizon and
the effective Ωinstant ¼ π sr. For fsky ∼ 0.7 the correspond-
ing Ωtotal ¼ 2.8π sr (note that achieving this fsky will need
two experiments—one in the northern and one in the
southern hemisphere). Figure 7 shows our forecasts in
terms of the observation time tobs. We note that there is a
third time-scale in our experiments which is the wall-clock
time. Practically, an experiment is unlikely to be on-line for
the entirety of a survey, and wall-clock time will thus be
longer than tobs. The wall-clock time determines the total
duration of a survey.
V. FOREGROUNDS
Foreground contamination by Galactic and extragalactic
sources poses the most serious challenge to detecting the
cosmological 21 cm temperature and circular polarization
signals. Broadband Galactic and extragalactic foregrounds
at low-frequencies are expected to be approximately four
orders of magnitude larger than the cosmological temper-
ature signal, and their removal has been the subject of
extensive study. Broadly, the approaches for foreground
removal involve using both the angular structure of fore-
grounds, and the spectral smoothness of synchrotron and
free-free radiation (as compared to the highly structured
cosmological signal) to distinguish them from the cosmo-
logical signal [46–50].
Linear polarization of the redshifted 21 cm radiation has
been examined by Babich and Loeb [51]. They considered
the intrinsic polarization of the 21 cm line due to Thomson
scattering during reionization, leading to a 21 cm E-mode
signal. This signal is expected to be completely scrambled
up by Faraday rotation, although De & Tashiro [52]
concluded that extremely accurate Galactic rotation mea-
sure maps might allow one to reconstruct the intrinsic linear
polarization signal.
Circularly polarized foregrounds at low-frequencies,
relevant for our technique, are not as well-understood.
King and Lubin [53] created foreground maps of circular
polarization induced by Galactic magnetic fields in the
GHz frequency range (relevant for CMB observations) and
more recently Enßlin et al. [54] have created predicted
Galactic circular polarization maps based on synchrotron
templates at 408 MHz (see also [55]). In this section we
examine potential foregrounds that could contaminate the
measurement of the cosmological 21 cm circular polari-
zation signal relevant to our method.
There are two broad mechanisms that can contaminate
the cosmological circular polarization signal: the intrinsic
circular polarization of galactic or extragalactic foreground
sources, and that generated during propagation through the
interstellar/intergalactic medium. The former is expected to
be spectrally smooth and could potentially be removed
using spectral smoothness arguments described earlier. The
circular polarization induced due to propagation effects can
lead of confusion with the cosmic signal, since it depends
on the spatial structure of the ISM/IGM, and may have a
complicated frequency dependence due to Faraday rotation.
As such, it is important to estimate the amplitude and
approximate angular structure of these foregrounds in order
to assess the feasibility of our technique.
Circularly polarized foregrounds could in principle spoil
our measurement in one of two ways. One would be if the
circularly polarized foregrounds were correlated with the
total intensity with a quadrupolar spatial/spectral pattern
such as to mimic a cosmological signal. We discuss in each
case whether we expect this to be an issue. The other would
be if the circularly polarized foregrounds did not have such
a pattern, but were so bright as to effectively add noise to
the measured TV correlation and prevent the remote CMB
quadrupole estimator from reaching the theoretical thermal
noise limit. We can understand this “foreground noise”
problem if we consider the TV cross spectrum as a function
of wave number,
Δ2TVðkÞ≡ k
3
2π2
PTVðkÞ; ð38Þ
and recall its uncertainty:
σ½Δ2TVðkÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
Nmodes
Δ2TT;totðkÞΔ2VV;totðkÞ
s
; ð39Þ
where Nmodes is the number of modes probed, and
Δ2VV;totðkÞ is the sum of the intrinsic cosmological signal
Δ2VV;cosmoðkÞ, the instrument noise Δ2VV;noiseðkÞ, and the
foregrounds Δ2foreðkÞ. We have assumed here that the
foregrounds for 21 cm temperature have been successfully
removed using techniques described in the literature. As
discussed in Sec. III B, Δ2VV;noiseðkÞ ≈ Δ2TT;noiseðkÞ and from
Fig. 5 we see that Δ2VV;noiseðkÞ ≫ Δ2VVðkÞ. Hence the
“foreground noise” contribution to σ½Δ2TVðkÞ depends on
the relative magnitude of Δ2VV;foreðkÞ and Δ2VV;noiseðkÞ.
In this section we make order-of-magnitude estimates of
Δ2VV;foreðkÞ due to the synchrotron emission from the galaxy
and extragalactic point sources. These foregrounds turn out
to be the dominant foregrounds but we argue that they can
be removed because of their spectral smoothness in
frequency space. We also estimate Δ2VV;foreðkÞ due to
propagation effects through the ISM. These foregrounds
are expected to have features correlated to structures in the
ISM and are not spectrally smooth. However, we show that
these foregrounds are not likely to be important for our
proposed method.
A. Spectrally smooth circular polarization
from synchrotron
The synchrotron radiation from ultrarelativistic electrons
in the interstellar medium is the strongest source of
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foregrounds at low-frequencies [56]. It is strongly linearly
polarized. At low frequencies in linear polarization, even a
spatially smooth signal is mixed to small angular scales by
Faraday rotation, leading to typical fluctuating signals of a
few Kelvin. This signal has been constrained or observed
with many instruments at frequencies< 200 MHz [57–62].
In both cases the limits on the Stokes I parameter were
ΔI ≲ 10 K over the range of angular scales probed. (The
spatially smooth component can be much brighter.)
Synchrotron radiation is expected to have a small
fraction of circularly polarization. The circular polarization
in synchrotron radio emission has been observed in quasars
[63], AGNs [64,65], and the galactic center [66]. While the
degree of circular polarization in these sources is not
completely well-understood, it is believed to arise from
a combination of intrinsic circular polarization of synchro-
tron radiation and propagation effects in a plasma [67,68].
The degree of circular polarization of Galactic synchro-
tron has not yet been measured, but we can make rough
estimates of the strength of this foreground using measured
limits on the Stokes I parameter. For an electron with
Lorentz factor γ gyrating around a field line at an angle θ to
the line of sight, the degree of circular polarization
observed, to the first order in γ [69,70],
V
I
≈ cot θ

νg
ν

1=2
≈ γ−1 cot θ ð40Þ
where νg ¼ ðeBÞ=ð2πγmecÞ is the gyromagnetic frequency.
The typical Lorentz factor of relativistic electrons that
lead to synchrotron radiation in the frequency range νradio ∼
50–150 MHz is
γ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2πmecνradio
eBgal
s
∼ 400; ð41Þ
where we take the typical magnetic field in the ISM to be
Bgal ∼ 6 μG [71].
Since ΔI ≲ 10 K, the typical circular polarization signal
from relativistic electrons in the galaxy is expected to be
ΔV ≈ 0.03 K in temperature units, and the typical value
of Δ2VV;syncðkÞ ≈ 10−3 K2.
As seen in Fig. 8, Δ2VV;syncðkÞ is many orders of
magnitude larger than Δ2VV;noiseðkÞ, and is the most dom-
inant foreground for our method. Moreover, since the sign
of the TV correlation depends on the direction of the
magnetic field (toward or away from the observer), and
the Galactic magnetic field has a large-scale coherent
component, we expect significant TV correlations even
averaged over a patch of many tens of degrees. However,
this synchrotron circular polarization signal is spectrally
smooth and hence the same foreground removal techniques
applied to total intensity should be applicable [50]. In
particular, it is confined to modes with kk ≈ 0.
B. Circular polarization foregrounds
from Faraday rotation
Faraday rotation of linearly polarized light through a
closed plasma interconvertsQ andU Stokes parameters but
does not lead to generation of Stokes V, to the first order in
the galactic magnetic field Bgal. However, in the next order
in Bgal, Faraday rotation can lead to an “leaking” of Stokes
Q and U to produce Stokes V [72].
The Galactic synchrotron radiation is expected to have a
high degree of linear polarization and the leakage of power
from Stokes Q and U to V, due to propagation through the
cold plasma in the ISM can result in a CP foreground.
Unlike the intrinsic CP signal discussed in Sec. VA, this
signal is not smooth in frequency space. The signal is
expected to trace structures in the ISM and, if it has
significant amplitude, can potentially mimic the cosmo-
logical signal. In this section we estimate the angular power
spectrum of the CP signal due to propagation effects in the
Galaxy.
Consider the polarization of radiation that is propagating
through a cold plasma. The transfer equation for the
radiation propagating along the z direction is given by
dQ
dz
¼ −2ω
c
½nUV − nVU;
dU
dz
¼ −2ω
c
½nVQ − nQV; and
dV
dz
¼ 2ω
c
½nUQ − nQU; ð42Þ
where nU, nQ, and nV are the real anti-symmetric compo-
nents of the refractive index tensor nij and are given by
FIG. 8. Order of magnitude of expected foregrounds for the
circular polarization signal from Galactic synchrotron (purple
line) and due to Faraday rotation through the ISM (orange line)
compared against the noise power spectra expected for three
different configurations of FFTTs.
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nU ¼ −
πnee2
meω2

e
meωc

2
2BxBy;
nQ ¼ −
πnee2
meω2

e
meωc

2
ðB2y − B2xÞ; and
nV ¼
πnee2
meω2
e
meωc
Bz: ð43Þ
The circular polarization produced by propagation through
a medium is then the integral
V ¼
Z
2ω
c
ðnQU − nUQÞdz: ð44Þ
To estimate the order of magnitude of V, we need estimates
of the birefringence coefficients ðnQ; nUÞ; the linear polari-
zation ðQ;UÞ; the path length through the ISM; and the
coherence length zcoh over which the integrand retains
the same sign. To estimate the order of magnitude of the
integrand in Eq. (44), we consider a magnetic field in
the diagonal direction (Bx ¼ By ¼ Bz ¼ B=
ﬃﬃﬃ
3
p
). Then the
birefringence is in the nU component and
dV
dz
∼
2ω
c
nUQ
∼
2ω
c
2πnee2
3meω2

e
meωc

2
B2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Δ2QQ;sync
q
∼
4πe4
3m3eω3c3
neB2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Δ2QQ;sync
q
; ð45Þ
where we have used nU from Eq. (43) and taken typical
linear polarization
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Δ2QQ;sync
q
. The variance of the integral,
Eq. (44), should then be the incoherent sum of Lgal=zcoh
individual segments:
Δ2VV;Faraday ∼
Lgal
zcoh

dV
dz
zcoh

2
; ð46Þ
which—using Eq. (45)—simplifies to
Δ2VV;Faraday ∼

4πe4
3m3eω3c3

2
n2eLgalB4zcohΔ2QQ;sync: ð47Þ
The coherence length zcoh could be set by either decorre-
lation of ðnQ; nUÞ or of ðQ;UÞ; the latter occurs on a
distance scale of order a Faraday rotation cycle. We take as
our estimate the distance for a rotation of ðQ;UÞ by π=4, so
that if Q is maximal at position z it crosses zero at zþ zcoh.
Then:
zcoh ∼
πc
4ωjnV j
∼
ﬃﬃﬃ
3
p
m2ec2ω2
4nee3B
ð48Þ
(recall that Bz ∼ B=
ﬃﬃﬃ
3
p
). Plugging this into Eq. (47) gives
Δ2VV;Faraday ∼
4π2e5B3ne
3
ﬃﬃﬃ
3
p
m4eω4c4
LgalΔ2QQ;sync: ð49Þ
For order-of-magnitude purposes, we take Δ2QQ;sync ∼
10 K2 (the order of magnitude of recent detections or
upper limits), a path length of 0.95 kpc corresponding
to electron scale height of the Milky Way thick disk
inferred from the NE2001 model [73], a Galactic magnetic
field of B ∼ 6 μG, and an electron density ne ∼ 0.035 cm−3
[73]. We then estimate jnV j≈2×10−17, jnUj≈6×10−24,
zcoh≈1 pc, and Δ2VV;Faraday ≈ 2 × 10−9 K2 at ν ¼ 69 MHz
(corresponding to z ¼ 19.5). As seen in Fig. 8 the circular
polarization foreground due to Faraday rotation is lower
than the noise power spectra of the proposed experimental
setups for ≥ 90% of the accessible Fourier modes (recall
that k-space volume is proportional to k3max). Note that we
have not determined the peak angular scale for this fore-
ground; since the Galactic magnetic field and hence
ðnQ; nUÞ exhibit large-scale coherence, we expect the
circular polarization induced by Q;U → V conversion to
trace the same angular scales as linear polarization.
Since at low frequencies the linear polarization has been
rotated through many cycles, we expect a very weak
correlation of ðQ;UÞ (and hence V) with the total synchro-
tron intensity.
C. Extragalactic point sources
After Galactic synchrotron, unresolved, extragalactic
point sources are expected to be one of the most challenging
foregrounds for 21 cm tomography [47,74]. An interferom-
eter is usually characterized by a classical confusion limit,
defined as having one source above the threshold flux Sc per
m synthesized beams. Then the threshold flux density Sc is
defined such that m × 1.13θ2NðScÞ ¼ 1. Here NðsÞ is the
number density of sources above flux density s and θ is the
FWHM of each synthesized beam. Here we assume that
NðsÞ ¼ Asβ which implies,
Sc ¼ ð1.13mAÞ−1=βθ−2=β ð50Þ
Here we consider the classical confusion limit calculated at
74 MHz for the VLSS survey which gives A ¼ 1.14,
β ¼ −1.3, and m ¼ 12.9 as calculated by Cohen [75],
and the units of flux are in Jansky and beam size is in
degrees.
We can detect and remove point sources of flux S from a
survey if the thermal noise of the survey is much less than S
and if the source has a flux density much greater than Sc.
Sources with flux density less than Sc will lead to a
confusion noise even in the limit of infinite integration
time. In this section we assume that the resolved point
sources have been removed using standard techniques
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and estimate the noise contribution to Δ2VV;foreðkÞ due to
unresolved point sources, for different configurations of
FFTTs. To estimate the foreground contribution due to
unresolved point sources we need the classical confusion
for low-frequency radio experiments. Here we consider
the confusion limit calculation based on the VLSS sky
survey at 75 MHz [75] given by Eq. (50). For a FFTT the
beam size is θ ∼ λ=L where L is the side length. For
observations around 68 MHz and for FFTT side lengths of
10,100,1000 km the beam size corresponds to θ ¼ 0.025,
0.0025, and 0.00025 degrees respectively. The correspond-
ing confusion limits are Sc ¼ 3 × 10−2; 8.6 × 10−4 and
2.5 × 10−5 respectively. The contribution to the temper-
ature power spectrum due to unresolved point sources (flux
less than Sc per beam) is
Δ2TT ¼
l2
2π
CTTl ≈
l2
2π

λ2
2kB

2
Z
Sc
0
S2
dN
dS
dS; ð51Þ
where Δ2TT is the total power per log k, NðSÞ is the number
density of sources above a flux S and l ¼ kð1þ zÞDAðzÞ.
We use a power law source count function, NðSÞ ¼ ASα
where A ¼ 1.14 and α ¼ −1.3 [75]. The point source
foreground at low frequencies is dominated by synchrotron
emission from radio-loud galaxies and AGNs [47,76]; the
circular polarization foreground due to the confused back-
ground of point sources is given by
Δ2VV;fore ≈

V
I

2
Δ2TT;fore: ð52Þ
The measured circular polarization fraction for typical
radio-loud AGNs is V=I ∼ 10−4 at 4.9 GHz [77]. Note
that these measurements are dominated by the brightest
radio-galaxies while the point sources dominating the
foregrounds we are interested in are likely to be much
fainted. The fractional circular polarization for blazars are
expected to be much higher (e.g., [77]) but these blazars are
not likely to dominate the unresolved point source
background.
Assuming the circular polarization of radio galaxies is
dominated by synchrotron, the degree of circular polari-
zation at low frequencies (relevant to our estimates) can be
determined by scaling V=I ∝ γ−1 ∝ ν−1=2, so at 68 MHz
V=I is a factor of 8.5 larger than at 4.9 GHz. We plot
Δ2VV;fore for different configurations of the FFTT in Fig. 9.
The synchrotron emission from point sources is expected to
vary smoothly in frequency space, whereas the redshifted
21 cm signal varies rapidly in frequency space (similar to
the galactic synchrotron signal). This is a similar situation
to 21 cm temperature, and similar techniques should be
applicable [50,78].
We note that the sign of the circular polarization of a
point source is determined by its internal magnetic field
structure, so our result for Δ2VV;fore is not affected by source
clustering so long as the sign of V is independent for each
source. Furthermore, under these circumstances, there is no
systematic contribution to TV, only a source of excess
noise in VV.
D. Atmospheric effects
Radio propagation through the Earth’s atmosphere is one
of the key calibration challenges in low-frequency radio
astronomy. At low frequencies (ν ≤ 200 MHz), propaga-
tion effects through the ionosphere become dominant. The
physics of the propagation of the radio waves through a
magnetized ionosphere is well understood. There are two
primary effects at play after the polarization-dependent
geometrical refraction by the ionosphere is removed. First,
propagation through a turbulent ionosphere leads to sto-
chastic interferometric visibilities, which contribute to an
additional “scintillation noise” to the measurement of the
power spectrum (e.g., [79]). This scintillation noise can be
larger than the thermal noise associated with low-frequency
radio experiments.
Second, and most directly relevant here, is the inter-
conversion of the polarization Stokes parameters (Q, U, V)
and hence the generation of additional circular polarization
signal due to Faraday rotation as discussed in Sec. V B.
This mechanism for generating Stokes V is much more
significant in the Earth’s ionosphere than in the ISM since
the magnetic field B is much larger (generation of V
depends on B2 times column density, unlike regular
Faraday rotation that depends on B times column density).
Since again at low frequencies the ionosphere can result in
≳1 cycle of Faraday rotation, we use Eq. (49), with low-
frequency linear polarization of order ΔQQ;gal ∼ 10 K (see
discussion in Sec. VA). The typical electron density in the
FIG. 9. Order of magnitude of expected foregrounds for the
circular polarization signal from unresolved point sources (purple,
orange, and solid green line) and Faraday rotation due to the
ionosphere (solid red line) compared against the noise power
spectra expected for three different configurations of FFTTs.
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F-layer of the ionosphere is ne ∼ 105 cm−3, the magnetic
field is B ∼ 0.5 G, and the typical path length is
L ∼ 500 km. At 1þ z ∼ 20 this leads to an expected
circular polarization signal of Δ2VV;atm ≈ 1 K. We plot the
expected order of magnitude of Δ2VV;atm due to atmospheric
Faraday rotation against the noise power spectra in Fig. 9.
As evident from the figure, the is likely to be the most
challenging foreground for low-frequency circular polari-
zation studies.
Calibration and correction of Faraday rotation distorted
low-frequency measurements has been extensively studied
in the literature, particularly in the context of ongoing
21 cm experiments. For primordial gravitational wave
detection, such techniques would clearly have to be pushed
many orders of magnitude beyond the present state of the
art. In any case, the ionosphere represents perhaps the
greatest foreground challenge to cosmological circular
polarization studies.
VI. DISCUSSION
In Paper I of this series, we showed that the remote CMB
quadrupole during the pre-reionization epoch leads to a
small circular polarization of the emitted 21 cm radiation.
In this paper we showed that measurement of the temper-
ature-circular polarization cross-spectrum PTVðkÞ allows us
to measure the remote quadrupole of the CMB. The remote
quadrupole field at high redshifts can then be decomposed
into E and B modes, and we showed that measurement
of the B modes of this field can help us measure the tensor-
to-scalar ratio r. We showed that, given the fiducial model
for pre-reionization physics, a Fast Fourier Transform
Telescope (FFTT) with side length 100 km can achieve
σðrÞ ∼ 4 × 10−3 after ten years of observation while a
FFTT of side length 1000 km can achieve σðrÞ ∼ 10−5
after ten years of observation time.
One of the key results of this paper is that the sensitivity
to measuring the remote CMB quadrupole is sensitive to
the measurement of the modes with largest wave number
(corresponding to the longest baselines in an interferomet-
ric experiment). For the fiducial model of pre-reionization
physics considered in our paper, Fig. 6 implies that the
method is most sensitive around z ≈ 19.5, i.e., the time at
which Lyman-α coupling becomes efficient in the fiducial
model. Figure 7 shows the sensitivity to measuring the
tensor-to-scalar ratio r as a function of the side length of a
FFTT, and for different observation times.
Our forecasts depend on assumptions made about the
pre-reionization history of the universe, in particular on the
rate of depolarization of the ground state of hydrogen
through Lyman-α pumping, which is proportional to the
mean Lyman-α flux. The parameters for the fiducial
model that we consider for our sensitivity calculation are
shown in Fig. 4. We note however that the Lyman-α flux at
the redshifts of interest is completely unconstrained
observationally; the “optimal” window in redshift, when
xα∼Oð1Þ, would be earlier (later) if the Lyman-α flux is
higher (lower). We note that lower Lyman-α flux would be
advantageous for our method, since it places the transition
at higher observed frequency where the foregrounds are
less severe.
Another assumption in our technique is that the magnetic
fields during the Dark Ages are below the “saturation limit”
as described in Ref. [29]. A saturated magnetic field has a
strength such that the precession of hydrogen atoms in in
the hyperfine excited state is much faster than the decay
(natural or stimulated) of the excited state. If the magnetic
field is above the saturation limit, then the circular
polarization signal will be suppressed. However most
conventional models for magnetic fields during the Dark
Ages predict unsaturated magnetic fields. A constraint on
magnetic field strength during the Dark Ages as described
in Refs. [28,29] will thus be crucial before embarking on an
experiment that uses the technique described in this paper.
To contrast our results to existing bounds on the tensor-
to-scalar ratio, we note that the current upper bounds on r
from the combination of the CMB B-mode and other
observables are r < 0.07 (95% CL) [25]. Next generation
“Stage-4” CMB experiments have a goal of probing r ≤
0.002 [24], although several challenges remain in dealing
with systematic effects.
Other authors have proposed techniques to detect infla-
tionary gravitational waves that, while futuristic, have the
potential to confirm a CMB detection, probe another range
of scales, and/or improve sensitivity to r. Some of these
techniques are based on conventional large-scale structure
observables [36,80–83], although the surveys required even
to detect r ∼ 0.07 are very futuristic and many run up
against cosmic variance limitations. Direct detection of the
high-wave number gravitational waves with a network of
space-based laser interferometers has been studied [84,85].
The techniques most comparable to this work are other
proposals using the enormous number of modes in red-
shifted 21 cm radiation. While the foreground-to-signal
ratio is much higher for 21 cm experiments than for the
CMB, the 21 cm measurement is a line measurement
against a continuum foreground (as opposed to the con-
tinuum CMB signal) and so the ultimate factor by which
foregrounds can be suppressed in analysis could be much
larger. Masui and Pen [86] proposed using the large number
of Fourier modes available in a 21 cm survey to measure the
intrinsic distortion of large scale structure due to infla-
tionary gravitational waves. For a FFTT with L ¼ 100 km
their technique can detect r ∼ 10−3 which is similar to our
forecasts. Book et al. [87] proposed using the weak lensing
of the 21 cm intensity fluctuations by gravitational waves to
put bounds on r. This involves the measurement of the
21 cm power spectrum up to very small angular scales; to
reach r ∼ 10−3, they would need to probe to lmax ∼ 105,
requiring an array size of L≳ 100 km.
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The method proposed in this series is the first to make
use of the 21 cm circular polarization signal (in cross-
correlation with temperature: TV). It is also very futur-
istic, in the sense of requiring L ∼ 100 km radio arrays (or
∼5 × 108 antennas). However, the foregrounds in circular
polarization are much fainter than in brightness temper-
ature, so our method for measuring r may turn out to be
less problematic than methods based on the local
anisotropy of the temperature power spectrum. In any
case, the radio arrays that could implement the TT
methods [86,87] are likely similar to what one would
need for TV, so the techniques could be used to cross-
check each other.
While the experimental setup required for the circular
polarization method is very futuristic, it illustrates the rich
array of physical processes and diagnostics that are in
principle available in 21 cm surveys. Given the long-term
interest in detecting inflationary gravitational waves, we
hope that this idea will serve both to further motivate the
goal of the ultimate 21 cm cosmology experiment, and to
inspire additional work on novel applications.
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